Introduction
The closure in the weak operator topology of a C * -algebra on X (see §4 for the definition) is again a C * -algebra, both in the commutative case and when the unit ball is relatively compact in the weak operator topology: see eg [19] , [21] . If the underlying space is a dual space one can ask about the closure in the weak star, the σ(X, X), operator topology. This is a more delicate question -multiplication is not right continuous for this topology. Nevertheless, for commutative algebras, Palmer [19] established that those hermitians in the weak star operator closure that are known to commute with the initial C * -algebra also form the real part of a C * -algebra on X. Reconciling the two order relations on hermitian projections (see Theorem 2.10) and using a result of Murphy [18] allows me to drop this last proviso and then to show that the weak star closure is even a W I follow the standard notation and sketch only a few salient details, referring the reader to [6] , [4] , [5] , for example, for a full exposition and other references.
In Banach algebras
Throughout this section A will denote a complex unital Banach algebra. For x ∈ A, x = 1, define the support set at x D(A, x) = {ϕ ∈ A : x, ϕ = 1 = ϕ }. 
For any a ∈ A the spectrum of a σ(a) ⊂ V (A, a) .
The fundamental link between the numerical range of a and the growth of the group {e ra : r ∈ R} is 
Hermitian elements of Banach algebras Definition 2.2 An element h ∈ A is hermitian if its algebra numerical range is real:
equivalently, if e irh = 1 (r ∈ R): equivalently, if 1 + ira = 1 + o(r) as r → 0.
Remark 2.3 If h is hermitian then the convex hull of the spectrum satisfies
co σ(h) = V (A, h) .
Theorem 2.4 (Sinclair's Theorem) For any hermitian h ∈ A h = ρ(h) (the spectral radius of h).

Consequently in A
0 is the only hermitian quasinilpotent and p = 1 for any nonzero hermitian projection.
Although the Jordan product of two hermitians need not be hermitian (indeed the square of an hermitian need not be hermitian: see [7] ) nevertheless Theorem 2.5 Let h and k be hermitian in A. Then
The next result is the key to finessing the absence of right weak star operator continuity for multiplication. This was proved by deftly using Theorem 2.5 repeatedly to show that (when h
Kaplansky conjectured, prompted, apparently, by Jacobson [15, Lemma 2] , that in a Banach algebra a commutator of two elements which commutes with either of these elements must be quasinilpotent. This conjecture was established, independently, by Kleinecke [17] and Shirokov [20] . For an accessible exposition see [13, Problem 232] .
Since i(hk − kh) is hermitian and quasinilpotent it must vanish, by Sinclair's Theorem: ie hk = kh.
On a Banach space
When X is a complex Banach space we define
and the spatial numerical range V (T ) of the operator T to be
It is convenient to write ω x,x : T → T x, x to denote the state specified by the element (x, x ) of Π X and ω ω ω Π = {ω x,x : (x, x ) ∈ Π X } for the set of such states. 
and thus EH| Z = I Z : hence EHE = E.
Theorem 2.10
Suppose that E and F are hermitian projections on X and that E ≤ F in the numerical range sense. Then E ⊆ F : that is, EF = F E = E.
Proof. By the preceding lemma we have E = EF E. A small calculation shows that (EF − F E)
3
= 0 from which, by Sinclair's Theorem, we have EF = F E.
Hermitians on a dual Banach space
Let X be the dual of some other Banach space X. (Such a predual of X need not be unique.) An operator T on X is defined to be lower hermitian if its lower numerical range is real:
for any T , as follows from the Bishop-Phelps Theorem [3] . Thus
Theorem 2.11 H is hermitian if and only if H is lower hermitian. Hence the the set of hermitians on a dual space X is σ(X, X) closed.
Order & monotone limits on a dual space
First recall that for hermitian projections the two orderings coincide, by Theorem 2.10. Proof. Without loss of generality assume that the net H α is increasing. For each x, by Alaoglu's Theorem H α x has a σ(X, X)-cluster point, say H x . Since the scalar net H α x, ψ is increasing [for each (x, ψ) ∈ Π L ] the cluster point is unique, and is therefore the σ(X, X)-limit of the net H α x . It follows that H x = Hx for some H ∈ L(X) and that H is the σ(X, X)-operator-limit of the net H α : so H is hermitian [Theorem 2.11]. The second assertion follows from Theorem 2.6. As to an increasing net E α of hermitian projections: ultimately, ie for large β, we have E β E α = E α for any given α (using Theorem 2.10) so that EE α = E α . Now, again by Theorem 2.6, E α E = E α and taking the limit shows that E 2 = E.
C * -algebras on X
The now classical numerical range characterisation of C * -algebras is By a 'C * -algebra on X' I mean a unital Banach subalgebra of L(X) which satisfies the hypotheses of the Vidav-Palmer Theorem, the unit being the identity operator on X. The set of hermitians in any C * -algebra is closed under squaring. In contrast, as remarked above, this need not be so for the hermitians in an arbitrary Banach algebra: see [7] . However, following the reasoning of [ 
is a spatial W * -algebra on X; and (A ) 1 = A 1 σ(X,X ) (a 'Kaplansky Density Theorem').
Moreover, any faithful representation of A as a concrete von Neumann algebra is weak operator bicontinuous on bounded sets.
The proof [23] rests on the fact that, by the identity of comparable compact Hausdorff topologies, the weak topology on A 1 σ(X,X ) is the weak topology induced by the states ω ω ω Π .
It is not clear whether
The following theorem goes back to Grothendieck, Bartle-Dunford-Schwartz, and others. See [9, VI, Notes] for an interesting discussion of its genesis and development. 
(X,X ) . Thus the bounded weak operator closure A is weak operator closed -
A = ∞ n=1 n A 1 σ(X,X ) = A σ(X,X ) .
C * -algebras on a dual space
We have reached a principal result of the paper, an improvement on [19 
and
: t ∈ R, K ∈ K} is bounded then · S K is a norm on X with respect to which every K ∈ K is hermitian.
Renorming a Boolean algebra of projections Definition 7.1 Given a bounded Boolean algebra of projections E on X define
to obtain a norm | · | E on X, equivalent to the original norm on X:
Note that for any E ∈ E e
and so e itE is an | · | E -isometry. This shows that 
C * -equivalent-algebras in L(X)
The analysis above of C * -algebras on X can be regarded as a study of (the ranges of) isometric unital isomorphisms from a C * -algebra into L(X). I now consider the more general problem of a unital isomorphism Θ : A → L(X) from a C * -algebra A into L(X), not stipulating that it be an isometry. To distinguish I shall term such a Θ a representation of A in L(X), and A a C * -equivalent algebra.
Unitary renorming
If A = H + iH is a C * -algebra and if Θ : A → L(X) is a unital algebra isomorphism, then the group of unitaries in A maps to a bounded group in L(X) containing I X . Thus, with S Θ = {e
iΘ(h)
: h ∈ H}, the norm
makes each Θ(h) hermitian and with this norm Θ(A) is a C * -algebra on X. Moreover, Θ is then a *-isomorphism.
Equivalent renorming of a dual space
An obvious question arises if X is a dual space: is such a unitary renorming x Θ a dual renorming (ie, induced by a renorming of the predual) ? There is no apparent guarantee of an affirmative answer. A warning not to be too ambitious: if Y is a Banach space for which every equivalent norm on Y is a dual norm then Y is reflexive [14, §18] . In view of Theorem 8.2 below in the commutative case the question reduces to the more particular one of a renorming induced by a Boolean algebra of projections E on a complex Banach space X (the dual of X).
On cyclic subspaces
Setting aside the question of whether | · | E is a dual norm on all of X, suppose we restrict to weak star closed A-cyclic subspaces.
Consider the sets
where, we recall, S = {⊕ f inite λ j E j : |λ j | ≤ 1, E j ∈ E} . These V z are bounded and weak star compact. If a V z is also absorbing in X z its gauge will then be a dual norm on X z . And since SV z ⊂ V z this norm will make E| Xz hermitian.
Jameson's absorbency criterion
Jameson [16] shows that if X) . If so, the weak star closed cyclic subspace (A z) σ(X, X) in X will be renormed dually by | · | E . This certainly happens if Az = X.
Commutative C * -equivalent-algebras on L(X)
When the C * -algebra is commutative and the space X is a dual space we have a consequence of the Riesz Representation Theorem at our disposal:
, is a unital algebra isomorphism, then there is a spectral measure E(·) on X of class X such that
Consequently
Theorem 8.2 Given a bounded Boolean algebra E on X, a dual space, it can be enlarged to a X-σ-complete Boolean algebra on X, namely E
Proof. In view of Theorem 7.2 we can apply the lemma to the C * -(equivalent) algebra lin C [E].
Boolean algebras -separable predual
If X = ( X) and X is separable then X 1 is not only weak star compact, it is also weak star metrisable. With this extra hypothesis we can extend Theorem 5.1 to the algebra generated by a Boolean algebra that is not initially hermitian: see Theorem 9.3 below. The important step is: Theorem 9.1 ('Separable patch' completion) Suppose that X is the dual of a separable space and that E is a bounded Boolean algebra of projections on X. Let E = {E(τ ) : τ ∈ Bo(Λ)} be the representing spectral measure for the C * -algebra A generated by E. Let E be the family of operators on X each of which on each norm separable subspace of X agrees with some member of E. Then E is a monotone complete Boolean algebra of E-hermitian projections containing E. Moreover the norms defined by E and E are identical:
Proof.
FirstThe elements of E are E-hermitian projections and form a Boolean algebra.
Consider an E ∈ E and x ∈ X. Let M = lin [x, Ex] (which is certainly norm separable):
which shows that E is a projection. Thus
for S ∈ S E , and therefore
This shows that E is E-hermitian.
Suppose that E, F ∈ E. Given any norm separable subspace M there are τ , υ such that E = E(τ ) and F = E(υ) when restricted to M. Then, for x ∈ M, which shows that EF = F E ∈ E. It is immediate that E is a Boolean algebra.
SecondFor each x ∈ X we have S E x = S E x and therefore |x| E = |x| E (x ∈ X).
Third -E is monotone complete. Let ρ be a metric inducing the weak star topology on X 1 , which contains the closed unit E-ball {x ∈ X : |x| E ≤ 1}. (The latter is σ(X, X)-compact if and only if the E norm is a dual norm.)
Consider an increasing net E α from E. Carrying on in this manner there is an α k ≥ α k−1 such that
and so on . . . . Put τ M = k τ α k ,M ∈ Bo(Λ). Then
and therefore Ez = E(τ M )z (z ∈ M).
Thus E ∈ E.
Proof. Given M there are τ α and υ such that
and then E α F | M → E(τ ∪α ∩ υ)| M .
The W *
-algebra closure of a C * -equivalent-algebra represented on X Consider a commutative C * -algebra A represented on X, the dual of a separable predual X. As we have just seen A is a C * -subalgebra of B, = lin C [ E], for some monotone complete Boolean algebra of projections E, after renorming X (though perhaps not dually) using E.
Then B is a C * -algebra and B = K + iK, where K = lin R [ E] is the set of hermitians in B. Thus B is a AW * -algebra, and since it has separating family of normal functionals (usually one stipulates for states -but functionals is adequate -see proof of Corollary 5.2) it must be a W * -algebra. 
